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Statistical analysis of the effect of surface 
grinding on the strength of alumina using 
Weibull's multi-modal function 
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Statistical analysis of the effect of surface grinding on the fracture strength of ceramics was 
performed and a new distribution function based on multi-modal Weibull distribution function 
has been suggested. The experimental verifications were carried out on alumina specimens 
ground in various directions using diamond wheels which have different abrasive diameters. 
The theory agreed well with the experimental results. 

1. Introduct ion 
When ceramic materials are used as structural com- 
ponents, it is necessary to machine them adequately 
after sintering. Grinding with diamond wheels is com- 
monly used for machining the structural ceramics 
because of the advantages of the costs and accuracy. 
However, during grinding, it is well known that the 
surface of the ceramics may be deformed plastically 
and scratch cracks such as median/radial and lateral 
cracks may be induced by the effects of the residual 
stresses at the elastic-plastic boundary along the 
grinding groove [1-6]. The mechanical properties of 
ceramic materials are significantly influenced by these 
machining-induced cracks, which has been reported 
frequently. For example, the effect of grinding forces 
during grinding and grinding parameters such as the 
depth of cut, the abrasive particle diameters, the wheel 
speed, and the workpiece velocity have been studied 
[7-11]. The effect of microstructures, residual stresses 
and grinding direction on grinding treatment of the 
ceramics have also been investigated. Mecholsky et al. 

[12], Andersson et al. [13] and Rice et al. [4] have found 
that the bending strength parallel to the grinding 
direction is greater in magnitude than that perpen- 
dicular to the grinding direction. The effect of surface 
finish on the strength-grain size relation has been 
investigated by Tressler et al. [14], Cranmer et al. [15], 
and Rice [4]. It was found from these works that the 
strength of the ceramics with fine grain size is signifi- 
cantly influenced by the machining-induced cracks. 
Residual stresses induced by grinding may have a 
strong influence on the mechanical properties of 
materials. Kirchner et al. [5] and Hakulinen [16] have 
discussed this problem to some extent. Mixed-mode 
fractures under the multi-axial stress states have been 
investigated by Petrovic et al. [17], Freiman et al. [18] 
and Marshall [19]. Marshall, in particular, discussed 

the anisotropy of the strengths of brittle materials 
with a ground surface, but did not consider the 
strength distributions of brittle materials. Despite 
many investigations of these problems, the statistical 
analysis of the effect of surface grinding on the 
strength of ceramic materials has been little reported. 

When the fracture strength of ceramics is analysed, 
a statistical analysis based on fracture mechanics is 
necessary. The statistical approaches based on the 
weakest link theory have been studied for brittle frac- 
ture under multi-axial stress states by Weibull [20], 
Batdorf and Crose [21, 22], Evans [23, 24] and Matsuo 
[25, 26]. On the other hand, Bolotin [27], Matsuo [25], 
and Johnson [28] carried out a statistical analysis 
based on the multi-modal Weibull distribution func- 
tion for brittle materials having many kinds of frac- 
ture origin. 

In this work, based on the multi-modal Weibull 
distribution function under multi-axial stress state 
[25, 26], we formulate the distribution function of the 
fracture strength of a body which has surfaces mach- 
ined by a grinding process. Experimental verifications 
are performed on alumina specimens which are 
ground in various directions using diamond wheels of 
different abrasive diameters. 

2. Theoretical  analysis 
A scratch cracks system model induced by the grind- 
ing of ceramics was suggested by Richerson [6] as 
shown in Fig. 1 a. The scratch cracks system consists of 
the median crack (longitudinal), the lateral crack and 
the radial crack (transverse). We assume that only the 
median-type crack beneath the grinding groove can 
affect the strength of alumina ceramics used in our 
experiments because, as seen in Section 4, the 
strengths of specimens ground parallel to their axis is 
not affected by the abrasive diameter of the grinding 
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Figure l Schematic drawing of the scratch cracks caused by grinding: (a) scratch-cracks systems after Richerson [6]; (b) equivalent 
part-through edge crack. 

wheel. In general, the median-type cracks seem to be 
flat semi-elliptical cracks. However, the stress intensity 
factors (K. and Kin) for these cracks have not yet been 
calculated analytically as far as we know. Therefore, 
we assume that a flat semi-elliptical crack is equivalent 
to a part-through edge crack shown in Fig. lb, i.e. we 
consider a one-to-one correspondence between the 
crack depth C' and C in these figures and we do 
not take into consideration the effects of the residual 
stress and stress concentration of the grinding groove 
explicitly. Since the crack depths C' and C are suf- 
ficiently small compared with that of the specimen, the 
stress states of an edge crack lying on a tensile-stressed 
surface of  a specimen subjected to a bending moment 
can be expressed as shown in Fig. 2a, where ~ and 

are the normal stress and the shear stress, respec- 
tively, 6 is the mean interval of  the grinding grooves 
(see Fig. 2b). 

2.1. General  fo rmula  for arbi t rary stress state 
The mult i-modal Weibull distribution function, 
expressed by Equation 1, is that most suitable for 
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Figure 2 The stress state of the equivalent part-through edge crack: 
(a) stress systems; (b) grinding groove direction. 

describing the fracture phenomena of brittle materials 
which involve many kinds of fracture origin 

F(a) = 1 -  e x p { -  i=~ ~ Bi} (1) 

where F(a) is the fracture probability of the material 
under consideration, k is the number of  types of frac- 
ture origin and Bi is the risk of rupture caused by the 
ith fracture origin. 

Let us assume that there are numerous intrinsic 
cracks in a body and median cracks on the ground 
surfaces of a body. First, we consider the intrinsic 
cracks, i.e. internal cracks (i = 1), isotropically distri- 
buted surface cracks (i = 2), and edge cracks (i = 3). 
Isotropic surface cracks are also supposed to be equiv- 
alent to part-through edge cracks shown in Fig. lb 
and the edge cracks to be fan-shaped, perpendicular to 
an edge of a body. For an arbitrary stress state, the 
risks of rupture, B1, B2 and B3, are given respectively, 
by the following equations, by using the multiaxial 
distribution function for fracture [26]: 

x Y(Z,, ~u~) sin ~ d@t d~2 dV (2) 

B 2 = (2/re) ;~ f;/2 [(Z2 - 0u2)/002] m2 

x Y(Z2, C~u2) d02 dA (3) 

B3 = fL [(23 -- 0"u3)/O'03]m3 Y(Z3' O'u3) dL (4) 

where ~1 and ~'2 are the polar co-ordinates; dV, dA 
and dL are the volume element, surface element and 
line element, respectively; mi, ~0i and au~ are Weibull's 
parameters and Y( ) is a step function. 

For median-type scratch cracks (i = 4) induced by 
the grinding process, the risk of rupture B 4 can easily 
be expressed as 

B4 = fL {(24 m4 --0"u4)/0"04 } Y(Z4, O'u4) d Z  (5) 
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where dL is a line element along a grinding groove. 
Suppose that there is a sufficient number of  grinding 
grooves within an arbitrary small surface element, dA, 
on a ground surface. Because dL can be expressed by 
dL = dA/5, we finally obtain the next useful equation: 

1 m4 
B4 ~'~ ~ fA {(Z4 - -  00u4)/0004} Y(Z4 ,  00u4) d A  (5) '  

2.2. Analysis of four-point bending test 
We now analyse the fracture probability distribution 
function of a rectangular cross-sectioned brittle speci- 
men subjected to four-point bending load. The coordi- 
nate systems used in the analysis are shown in Fig. 3. 
In the following analysis we suppose that: 

1. fracture only occurs at the bottom surface and 
the edges in tensile-stressed regions (B~ = 0); 

2. there are two types of surface cracks which cause 
fracture, namely, the isotropically distributed surface 
cracks (i = 2) and the median-type scratch cracks 
(i = 3); 

3. all location parameters are zero. 
We use the next experimental relation as an unstable 

crack extension condition for mixed modes, which 
corresponds to the so-called Gc criterion. 

K? + K~ + (E'/E)(1 + v)K21 = K2c, 

E' = El(1 - v') (6) 

where E and v are Young's modulus and Poisson's 
ratio, respectively and Klc is the fracture toughness for 
Mode I cracks. Because the equivalent normal stress 
Zi is defined as [25, 26] Zi = KIc/Y(nC) 1/2 where Yis 
the shape factor and C the crack size, we obtain Z2, Z3 

[a 2 + zz/(1 - v)/~2] 1/2 (7) 

23 00 (8) 

Z4 = {002 + z ' / (1  - v)~2} '/' (9)  

and Z4 as 

z ~ =  

where 00 and ~ are given as functions of two principal 
stresses o1 and 002 as 

- s i n 0 c o s 0  s i n 0 c o s 0  002 

Substituting al = 00f = 3 WLl/4bh 2 (L 1 < x < L1 4- 

J' I ~ 2 2 h  

Figure 3 Dimensions and coordinate systems of the beam specimen 
with ground surface in four-point bending test. 

L2) and 002 = 0 into Equations 7 to 9 we obtain 

Z 2 = 00f cos 0 {COS20 4- sin20~(1 - Y ) f l 2 }  I/2,  

(0 < 0 ~< re/Z) (7)' 

Z3 = ~r (8)'  

Z4 = 00r sin qS{sinZq~ + cos2q~/(1 - v)/~2} 1/2 

(q~ = const.) (9)' 

As fl = 1.1215 and v = 0.23 (for alumina), the term 
(1 - v)/~ 2 becomes nearly equal to unity, which leads 
to the following simple equations: 

Z 2 : OrCOS O, Z 3 = 00f, Z 4 = 00f sin ~b 

Substituting the above equations into Equations 2 to 
4, we finally obtain 

F(00) = l - e x p  { - i B~ (12) 

rn 2 
B2 = (00r/a02) (1/n)AeoB[½,(m2 + 1)/2] 

where Aeo = b{2L,/(m2 + 1) + L2} (13) 

n 3 = (fff/00o3)m3Leo 

where Leo = 4Lj/(rn3 + 1) + 2L2 (14) 

n 4 : (00f/00on)m4(1/(~)Aeo sin q5 

where Aeo = b { 2 Z l / ( m 4  -t- 1) 4- t 2 }  (15)  

2.3. Estimation of Weibull parameters 
Equation 1 2 involves six unknown Weibull parameters 
which must be estimated from experimental data. In 
order to obtain accurate estimates, we suggest a new 
method called the "two-step estimation method". 

2.3. 1. First s tep  
When ~b = 0 °, B4 becomes zero. Therefore, Equation 
12 involves four unknown parameters (0002, m2, 0003, 
m3). If we can separate each experimental data into 
that caused by surface or edge cracks, then we can easily 
estimate the parameters using the multi-maximum 
likelihood method [29-3 I]. In this case, the maximum 
likelihood equations are written as 

~ 00'f' In 00i ., 
ni i= l 

- -  - -  n i - -  + ~ ,  In oe = 0 
mi v, mi i = I 

00i 
i=1 (16) 

~ I/mi 

000i : (Ae°/]' l i)i=' ~ 007il 

2.3.2. Second step 
In the second step, under the condition that 0"02 , m2, 
no3 and m 3 are already known, we can estimate the 
remaining two unknown parameters (no4, m4) from 
the data of  ~b = 90 °. Since the maximum likelihood 
equations in this case take very complicated forms, we 
directly maximize the likelihood function using the 
simplex method. 

When the mean interval of grinding grooves, 6, ~s 
unknown, we may use a new parameter a04, instead of 
0°04 as 

a04, = 0004 1~ l/m4 (17) 
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TA B LE I Properties of alumina specimen (SSA-S(A)) 

Mean grain diameter (/tin) 2.0M.0 
Maximum grain diameter (/~m) 10-12 
Bulk density (gcm 3) 3.83 
Purity (%) 99.56 
Sintered temperature (° C) 161(~1630 

3. Experimental procedure 
The specimens used in this investigation were com- 
mercial sintered polycrystalline alumina SSA-S(A) 
manufactured by Nihon Kagaku Tougyou Co. Ltd. 
Each specimen was pressed and sintered individually; 
the final specimen size was 3 mm x 10 mm x 50 ram. 
The properties of SSA-S(A) are given in Table I. 

The grinding processes were performed on the 
surface of each specimen using a resin-bonded dia- 
mond wheel (200 mm diameter) at a wheel speed of 
1800mmin -1 and a table speed of 8 to 10mmin -1. 
Five different diamond wheels were chosen for this 
study. Their grit sizes and downfeeds are shown in 
Table II. The downfeeds (removal rates of down 
grinding) were approximately one-tenth of the maxi- 
mum abrasive diameters. 

First, each specimen mounted on a steel plate was 
ground with nos 400 and 1000 diamond wheels in 
order to reduce the effect of pre-existing surface cracks 
of the materials, and then final grinding was per- 
formed. Five grinding directions, ~b = 0 °, 22.5 °, 45 °, 
67.5 ° and 90 ° were chosen. Final grindings were car- 
ried out using nos 170, 270, 400, 600 and 1000 dia- 
mond wheels to investigate the effect of surface finish- 
ing on the bending strength. After grinding, specimens 
were dried in an oven at 200 ° C for 2 h to remove them 
from a steel plate, and their surfaces were cleaned by 
acetone. 

The edges of the specimens were manually cham- 
fered using a diamond grinding disc (mean grit sizes 
6/~m) to decrease the probability of failure initiating 
from the edges, and edges were bevelled approximately 
by 2 #m. 

Bending strength was measured by the four-point 
bending test (upper span 13.3 ram, lower span 40 mm) 
at room temperature with the ground surface of 
the specimen in tension as illustrated in Fig. 3. The 
cross head speed was 0.2 mm rain ~ and the fracture 
strength was measured using a 500 kg load cell. 

T A B L E  II Abrasive diameter and downfeeds 

Wheel no. Abrasive diameter Downfeed 
(/lm) (#m) 

170 85-90 8.0 
270 50-55 6.0 
400 40-45 4.0 
600 25-30 2.0 

1000 10-15 2.0 

Fracture origins were located by fluorescent dye 
penetration. Specimens fractured by bending test were 
immersed in fluorescent dye, and macroscopic surface 
cracks could then easily be observed under ultraviolet 
light because of illumination of the fluorescent dye 
which had penetrated into the cracks [32]. However, it 
is obvious that it is impossible to distinguish the pre- 
existing surface crack and scratch surface crack by this 
method. This difficulty is not, however, an obstacle 
for estimating the Weibull parameters as stated in Sec- 
tion 3. 

4. Results and discussion 
4.1. The effect of surface finishing on the 

bending strength 
Bending strengths of alumina obtained in the experi- 
ment are shown in Figs. 4a and b as a function of the 
abrasive diameter (~b = 0 ° and q~ = 90°). It can be 
seen from the figures that the bending strength of 
q~ = 90 ° decreases with increasing abrasive diameter, 
while that of q~ = 0 ° remains almost constant. Thus 
the effect of surface finishing on the bending strength 
perpendicular to the grinding direction (~b = 90 °) is 
more severe than that parallel to the grinding direction 
(~b = 0°). These experimental results suggest that the 
bending strengths of alumina with a ground surface 
are not influenced by radial cracks perpendicular to 
the grinding direction but by median cracks parallel to 
the grinding direction. As the fracture origins of the 
specimens ground by no. 170 diamond wheel are all 
located by the fluorescent dye penetration method, a 
triple-modal Weibull distribution function (Equation 
12) is applied to these data and the Weibull par- 
ameters are estimated using failure diagnostic data 
and fracture strengths. For reference, the hi-modal 
Weibull distribution function involving the effects 
of both pre-existing surface and scratch cracks, but 
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Figure 4 Effects of surface finishing on four-point 
bending strength: (a) grinding direction q~ = 0 ° 
(parallel to the beam axis); (b) grinding direction 
4) = 90 ° (perpendicular to the beam axis). 
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T A B L E I I I The estimated Weibull parameters and mean strength 

Grinding Wheel no. 
angle 

170 270 400 600 1000 

~ 0  ° Mean strength (MPa) 
Standard deviation (MPa) 
Pre-existing surface: 

Pre-existing edge: 

q~ = 90 ° Mean strength (MPa) 
Standard deviation (MPa) 

Scratch: 

416 
40.0 

m 2 11.0 
a02 711 
m 3 18.4 
%3 523 

283 
22.6 

m 4 13.3 
%4' 413 

409 387 389 424 
52.6 61.2 35.4 46.5 

9.31 7.47 13.4 11.0 
728 807 573 684 

351 381 398 386 
34.4 56.1 48.7 49.2 

13.3 15.4 
546 658 

neglecting that of edge cracks, are applied to the speci- 
mens ground with other diamond wheels. Mean 
strengths, standard deviations and estimated Weibull 
parameters are summarized in Table III. 

We now consider the relation between the maxi- 
mum abrasive diameter and the equivalent critical 
flaw depth (Cf) which is defined by 

where fl is a constant ( ~  1.1215), o-f is the fracture 
stress, K~c is the fracture toughness. The results are 
shown in Fig. 5. We see from this figure that the value 
of critical flaw depth (Cr) is constant in the region 
where the abrasive diameter ( O a )  is smaller than 
40 #m. This means that in this region the pre-existing 
cracks are dominant and the scratch cracks hardly 
influence the bending strength. If Da is larger than 
40/~m, the critical flaw depth (Cr) increases linearly 
with abrasive diameter, because the machining- 
induced cracks are the main failure origin in most 
cases. In this region, the general relation between the 
bending strength and the surface finishing may be 
expressed as 

O'f = glc/fl(TcC) 1/2 = ~ O a  1/2 

(Da > 40/~m, ~ = constant) 

The knee point in Fig. 5 is highly important in 
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Figure 5 Estimated critical flaw depth as a function of  surface 
finishing, q~ = 90 °. 
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material design because this point is the reflection of 
the micro-structure of the materials. 

4.2. The effect of grinding direction on the 
bending strength 

The relations between grinding directions and bending 
strengths of alumina ground with no. 170 diamond 
wheel are shown in Fig. 6. It is evident from the figure 
that median cracks parallel to the grinding direction 
strongly influence the bending strengths of the 
materials. The curve in Fig. 6 is the theoretical mean 
value obtained from Equation 12. The theoretical 
curve coincides well with the experimental results. 

The probability density functions are calculated in 
order to discuss competing risks (pre-existing surface, 
pre-existing edge and scratch cracks). The probability 
density function (p.d.f.) of each risk is given by 

surface: fz(a) = (0B2/~) exp ( -B2)  

edge: f3(o) = (~B3/Oa) exp ( -B3)  

scratch: f4(~r) = (~?B4/&r) exp ( -B4)  

total: f(~r) = (~B2/&r + OB3/Oa + OB4/&r) 

x e x p ( - B 2  -- B3 - B4) 

The calculated results which were obtained using the 
equations described above are shown in Fig. 7 with 
varying the grinding direction. In the region 
q~ ~> 67.5 °, the p.d.f, of "total" coincides with that of 
"scratch". This fact means that the scratch cracks are 
dominant in this region. At q~ = 45 ° we see that three 
kinds of risks are competing. On the other hand, in the 
region ~b ~< 22.5 °, the scratch cracks no longer contri- 
bute to the total p.d.f. 

5. Conclusion 
A new distribution function for fracture strength 
based on multi-modal Weibull distribution function 
has been suggested in order to estimate the fracture 
behaviour of brittle materials with ground surfaces. 
The bending tests of alumina ceramics ground by 
diamond wheels have been carried out and the follow- 
ing results were obtained. 

1. The fracture origins of alumina specimens with 
ground surfaces are controlled by the competing 
relation between the pre-existing cracks and the 
machining-induced scratch cracks. 
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Figure 6 Effects of  the grinding direction on four-point 
bending strength and expected value calculated from 
Equation 12. 

2. The distribution functions formulated in this 
work can explain the anisotropy of the bending 
strengths of alumina specimens with a ground surface 
fairly well. 

3. The bending strengths of alumina used in this 
experiment are proportional to - 1/2 powers of the 
abrasive diameter in the region larger than 40 #m. 
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